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t → u T → U
T "x d t "x d

Γ # t → u Γ # T → U

Γ # V "x d Γ #
t " d

Γ # t → u Γ # T → U

Γ # t " d

t → u
C " C′

(C, f)
Γ # t : T

Γ # T <: U
Γ # T



C # d
D
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n i 0 ... i−1







c1 c2

c1 c2



MoC

Scaletta

Core Scala

+ anonymous templates
+ parameters

+ anonymous templates

C cal

C cal

C cal

CLASS BASED

TEMPLATE BASED



L
T l t

{x | d} x

T U T & U

T T t
t.L

t.l

t t.l

t l
t "x d t "x ( l = u)

t ( l = u)
x

u t
x u[x\t]

d t
t T T

d T "x d d
T x

{x | d}
d T & U

d T d
′

U
d $x d

′

(d, d
′
)



l
L
x, y
t, u ::= x

| t.l
| T

T, U ::= {x | d}
| T & U
| t.L

d ::= l = t
| L = T

v, w ::= x | V
V, W ::= {x | d} | V & W

t "x ( l = u)
t.l → u[x\t]

t → u

t.l → u.l

t "x ( L = U)
t.L → U [x\t]

t → u

t.L → u.L

T → U

T → U

T → T ′

T & U → T ′ & U

U → U ′

T & U → T & U ′

t → u T → U

{x | d} "x d

T "x d U "x d
′

T & U "x d $x d
′

d $x d
′ = d, d

′
T "x d

T "x di

T "x d t "x d



v
x V V

V
{x | d} V & W

{x | d}& {x | d
′} → {x | d $x d

′}

{x | d} "x di

t
T T T

root T

A X foo X
bar a

B A
bar

B A bar



t
u

t u
u ( t.myB.X).foo

u < something >

u = ( t.myB.X).foo
→ ( ( t.B).X).foo
→ ( ( t.A& {b | · · · }).X).foo
→ ( t′.X).foo t′ = {a | · · · }& {b | · · · }
→ ( {x | foo = t′.bar}).foo
→ t′.bar
→ < something >

d $x d
′

d $x d
′
= d + d

′

d + d
′

d
′

ε + d = d

(d, d) + d
′

=

{
d + d

′ (d) ∈ (d′)
d, (d + d

′)



.m(t)
m

T & U

t ::= x. .l
| · · ·

T ::= x. .L
| · · ·

x. .l
l x

(T1 & {x | d})& T2 {x | d} T1

T1 t.L

d $x d
′



d $x d
′ = d + (d′

, x, d)
(( l = t), x, d) = l = (t, x, d)
(x. .l, x, d) = t ( l = t) ∈ d
(x. .L, x, d) = T ( L = T ) ∈ d
(t.l, x, d) = (t, x, d).l

· · · = · · ·

(t, x, d) t
d (x. .l, y, d)

x y

T T1

T2 T1 f T2

f g

T = T1 & T2

T1 = {x | d}
T2 = {x | d

′}
d = ( f = 3)
d
′

= ( g = x.f ∗ x. .f, f = 4 + x. .f)

T "x ( g = x.f ∗ 3, f = 4 + 3)

T1 "x d T2 "x d
′

T "x d $x d
′

d $x d
′

= d + (d
′
, x, d)

= ( f = 3) + ( g = x.f ∗ 3, f = 4 + 3)
= ( g = x.f ∗ 3, f = 4 + 3)

T1 T2 T3

T = (T1 & T2)& T3

T1 = {x | f = 3}
T2 = {x | f = 4 + x. .f}
T3 = {x | f = 5 ∗ x. .f}

f
T1 T2 T3



T "x ( f = 5 ∗ (4 + 3))

x. .l
x

k
T "x d

k
t ::= t. [k].l

| · · ·
T ::= { x | d }k

| t. [k].L
| · · ·

V, W ::= { x | d }k | V & W

t. [k].l t.l
l

k

{ x | d }k "x d

V "x d V ′ "x d
′

V & V ′ "x d + d
′

V "x d

V & { x | d
′ }k "k

x d

k′ '= k V "k′

x d

V & { x | d
′ }k "k′

x d

V "k
x d

V "k
x di

t "k
x ( l = u)

t. [k].l → u[x\t]

V "x d

V "k
x d

k



V "k
x d

k′ k

T1 & (T2 & T3)

T ::= { x | d }k

| t.L
| t. [k].L
| T & { x | d }k

V, W ::= { x | d }k | V & { x | d }k

t. [k].l
t. [k].l

k

m C
[C].m(t) t

m C mC m
[C].m(t) .mC(t)

{ x | d }k x. .l
x. [k].l



{ x | d }k l = x. .l
t. [k].l t.l



A M
B A A

B .M

M ′

.M M ′



{ x | d t }
d t

x d
t

d

C Topt x d

Topt e
eopt



C
L
l
x
d ::= C Topt { x | d }

| L = T
| l = t

T, U ::= t.L
| t.C
| t.C :: Topt

t, u ::= x
| t.l
| T

P ::= { x | d t }
v ::= x | V
V ::= v.C :: Vopt

Γ ::= x " d

C T { x | d }

C = T & { x | d }C

{ x | d t } t[x\ {x | d}]

t.C t.L
t.C :: Topt

v x V
V V

v.C :: Vopt

(v, C)



Γ # V "x d
Γ V

d
x

Γ

Γ root " A { a | · · · }
( root.A).B

B

Γ # ( root.A).B "b ( foo = a, bar = b)

a

b
a

root.A

d n
n n d

n
Γ # V "x d

Γ # t " d
t x

d



Γ # t " ( l = u)
Γ # t.l → u

Γ # t " ( L = T )
Γ # t.L → T

Γ # t " ( C Topt { x | d })
Γ # t.C → t.C :: Topt

Γ # t → u

Γ # t.l → u.l

Γ # T → U

Γ # T → U

Γ # t → u

Γ # t.L → u.L

Γ # t → u

Γ # t.C → u.C

Γ # T → U

Γ # t.C :: T → t.C :: U

Γ # t → u Γ # T → U

Γ # Vopt "x d Γ # v " ( C Topt { x | d
′ })

Γ # v.C :: Vopt "x d + d
′

Γ = x " d

Γ # x " di

t = V Γ # V "x d

Γ # t " di[x\t]

Γ # V "x d Γ #
t " d



Γ # Vopt "x d

Γ # v.C :: Vopt "C
x d

C '= C′

Γ # Vopt "C′

x d

Γ # v.C :: Vopt "C′

x d

t = V Γ # V "C
x d

Γ # t "C di[x\t]

Γ # t "C ( l = u)
Γ # t. [C].l → u

Γ # t "C ( L = U)
Γ # t. [C].L → U

t V V d
t

Γ # V "x d V
v.C :: Vopt C

C
v

Γ # root " ( A { a | · · · })
Γ # root.A "a ( B { b | foo = a, · · · })

Γ # root.A " ( B { b | foo = root.A, · · · })
Γ # ( root.A).B "b ( foo = root.A, · · · )
Γ # ( root.A).B " ( foo = root.A)

Γ # ( ( root.A).B.foo) → root.A

t. [C].l
t. [C].L



= → +

x
{x | d t}

eopt {x | d}
x

C. .m(t)
x. .m(t)

T ::= Topt { x | d } | · · ·



C
M
f
m
x
z
d ::= C(z) p

| M k {x | d}
| f = t
| m(z) = t

p ::= eopt {x | d}
e ::= t.C(t) k
k ::= t.M
t, u ::= x

| z
| t.f
| t.m(t)
| x. .m(t)
| p
| {x | d t}
| (z) ⇒ t
| t(t)

P ::= {x | d t}



!·"y y

Topt { x | d } y.C C
C

y

C !Topt"y { x | !d"x }

z Z



p
a

z
Z
p ::= z | Z
a ::= t | T
d ::= C(p) Topt { x | d }

| l(p) = t | · · ·
T, U ::= Z | t.C(a) | · · ·
t, u ::= z | t.l(a) | · · ·

x C C



{ l0, l1, · · · }
{L0, L1, · · · }

l C
Ll CC

!·"σ

σ

(x, p) x
p

x.l1
x.L1 x.l2

x.L2



(x, p) = 0(x, p0), · · · , n−1(x, pn−1)
i(x, z) = z )→ x.li
i(x, Z) = Z )→ x.Li

(a) = 0(a0), · · · , n−1(an−1)
i(t) = li = t

i(T ) = Li = T
! l = t"σ = l = !t"σ

! L = T "σ = L = !T "σ

! C(p) Topt { x | d }"σ = CC { y | d }
d = C !Topt"σ′ { x | !d"σ′ }
σ′ = σ, (y, p)

! l(p) = t"σ = Ll = { y | l = !t"σ, (y,p) }
!x"σ = x
!t.l"σ = !t"σ .l
!t. [C].l"σ = !t"σ . [C].l
! T "σ = !T "σ

!z"σ = σ(z)
!t.l(a)"σ = ( !t"σ .Ll { x | (!a"σ) }).l
!t. [C].l(a)"σ = ( !t"σ . [C].Ll { x | (!a"σ) }).l
!t.C"σ = !t"σ .C
!t.L"σ = !t"σ .L
!Z"σ = σ(Z)
!t.C(a)"σ = ( !t"σ .CC { x | (!a"σ) }).C
!{ x | d t }" = !{ x | !d"ε !t"ε }"



l1 l2 L1

li Li

l
Cl

! l(p) = t"σ = ! Cl(p) { x | l = t }"σ

!t.l(a)"σ = !( t.Cl(a)).l"σ

Ll



!x"σ = x
!z"σ = z
!t.f"σ = !t"σ.f
!t.m(t)"σ = !t"σ.m(!t"σ)
!x. .m(t)"σ = x. [σ(x)].m(!t"σ)
! p"σ = !p"σ

! C(z) (eopt {x | d})"σ = C(z) !eopt"σ { x | !d"σ,x $→C }
! M k {x | d}"σ = M(Z) σ(k, Z) { x | !d"σ,x $→M }
! f = t"σ = f = !t"σ

! m(z) = t"σ = m(z) = !t"σ

!t.C(t) k"σ = σ(k, !t"σ .C(!t"σ))
!eopt {x | d}"σ = !eopt"σ {x | !d"σ}

σ(ε, T ) = T

σ(k, t.M, T ) = !t"σ.M( σ(k, T ))
!{x | d t}" = { x | !d"ε !t"ε }

!(x) ⇒ t" = {y | (x) = !t"} (y )
!t(t)" = !t". (!t")
!{x | d t}" = ( {x | !d", = !t"}).

σ
x C

x. .m(t)
x. [C].m(!t"σ)

M
M Z

M M σ(k, Z)
Z k

σ(k, T ) k
T k T C

D M1 M2



C(x) t.D(x, x) u1.M1, u2.M2 {y | }

C(x) u2.M2(u1.M1(t.D(x, x))) { y | }

C1

C3

M1

C2 M2

(foo = 1)

(foo = 2)



C M C M





C(x) p

C(x) k {x | d}



v ::= x | V
V ::= v.C :: Vopt

V (v, C)
v C

x
V V

((v1, C1), · · · , (vn, Cn)) n
Ci

vi

v w C v
C C w

v

v = ((v1, Y ), (v2, X))
v1 = ((root, B), (root, A))
v2 = ((root, A))



Y X
Y X

v
Y−→ v1

B−→ root Y B

v
X−→ v2

A−→ root X A

v
Y

!!!!!!!!
!!

X

"""""""""""

v1

B

!!!!
!!

!!
!! A

####
##

##
##

v2

A

$$
root root root

v
C

v/C v/
Y v1 v/Y/A root

v/C

t/
C

/

a foo c/C/B



C
L
l
O ::=

| C
T, U ::= t.L

| t.C
| t.C :: Topt

t, u ::=
| t.l
| t/C
| T

d ::= C Topt

| L = T
| l = t

D ::= d O
P ::= D t
v ::= | V
V ::= v.C :: Vopt

Γ ::= D

O
C d

O d O
D t D

t

x
D t

D t
D C
D



Γ(x) = Γ(x, )
Γ,x $→C(x, t) = t

Γ,y $→C(x, t) = Γ(x, t/C) x '= y
!x"Γ = Γ(x)
!t.l"Γ = !t"Γ.l
!t. [C].l"Γ = !t"Γ. [C].l
! T "Γ = !T "Γ
!t.L"Γ = !t"Γ.L
!t. [C].L"Γ = !t"Γ. [C].L
!t.C"Γ = !t"Γ.C
!t.C :: Topt"Γ = !t"Γ.C :: !Topt"Γ
! l = t"Γ = ( l = !t"Γ) O Γ = Γ′, x )→ O
! L = T "Γ = ( L = !T "Γ) O Γ = Γ′, x )→ O
! C Topt { y | d }"Γ = ( C !Topt"Γ) O, !d"Γ,y $→C

Γ = Γ′, x )→ O
!{ x | d t }" = !d"x $→ !t"x $→

Γ
x O

t/C
C lC

t/C
t.lC



λ
λ
λx.λ y. x y λ .λ . 1 0

λx.λ y. x y f g
g

f
g f x f g

g
f

/g.arg /
g g f

/g.arg /g f
y g g

.arg
/g.arg .arg

1 0 f g g

λ

Γ

V

Γ(V ) V

+

Γ(v.C :: Vopt) = Γ(Vopt) + ( Γ(C), C = v)

C = v

Γ(C)
{ d | (d C) ∈ Γ }



t/C

l
t t u

t/C

t. [C].l t. [C].L

Γ(C, V ) C
V

Γ(C, v.C :: Vopt) = Γ(Vopt)
Γ(C′, v.C :: Vopt) = Γ(C′, Vopt) C '= C′



Γ # t " ( l = u)
Γ # t.l → u[ \t]

Γ # t " ( L = T )
Γ # t.L → T [ \t]

Γ # t " ( C Topt)
Γ # t.C → t.C :: Topt[ \t]

Γ # t " ( C = u)
Γ # t/C → u

Γ # t → u

Γ # t.l → u.l

Γ # t → u

Γ # t/C → u/C

Γ # t → u

Γ # t.C → u.C

Γ # T → U

Γ # T → U

Γ # t → u

Γ # t.L → u.L

Γ # T → U

Γ # t.C :: T → t.C :: U

Γ # t → u Γ # T → U

(d ) ∈ Γ
Γ # " d

d ∈ Γ(V )
Γ # V " d

Γ # t " d

t = V
( l = u) ∈ Γ(C, V )

Γ # t. [C].l → u[ \t]



ς

T

ς

l
t ::= x

| [d]
| t.l
| t.l ← ς(x)u

d ::= l = ς(x) t

ς
d\l d

l

t.l → u[x\t] t = [d] (l = ς(x)u) ∈ d
t.l ← ς(x)u → [d\l, l = ς(x)u] t = [d]

ς

ς
[l1 = ς(x) t1, · · · , ln = ς(x) tn]

{x | l1 = t1, · · · , ln = tn}

t.l ← ς(x)u t & {x | l = u}
ς



T & U T
U

ς

{x | d}
ς [d]

ς

t.m(t)
m t t

(t.m)(t, t) t.m
t t

µ(x) r
µ(x) t





C C
p.L

L p

L >: T <: U L
T U L = T

T L

: T = t u
T t u

p p.L

.f().g()
:T = .f() 0.g()

0





≺

≺



A B
A B A B

A B p.L L
A B

A B B
m A

A B A().m()
m B B

A A() A().m()
m

A
A

B T A T
T B

A T
T B

A B
id( A()).m()

A().m()



<:

>:
=

=

A B

T

=

<:

<:

T
p.T C().T

C C p.L L

Γ # T <: U Γ

p.L
p C L



Γ # p : C
( L <: T ) ∈ C

Γ # p.L <: T [p]

T
p T [p]

p T

L = T p p.L
T [p]

p.L

Γ # p : C
( L = T ) ∈ C

Γ # T [p] <: p.L

C p.L

Γ # T <: S Γ # S <: U

Γ # T <: U

A B

A T
B T

C().T A A
C().T T B C().T

B A B

A B



TA = B<:

C().T A B

T A

T U
T

U A
B

A B A T

U A

A A .T U

A .T
U

A
<:−→ B

=←− T

T = B T → B



BA T=<:

<:

U
<:=

S
T U

Γ # p : C
( L <: T ) ∈ C

Γ # T [p] <: S

Γ # p.L <: S

Γ # p : C
( L = T ) ∈ C

Γ # S <: T [p]
Γ # S <: p.L

U ≺ T
T U

Γ # T <: S Γ # S <: U S ≺ T S ≺ U

Γ # T <: U

A B
A ≺ T B ≺ T

T ≺ A T ≺ B
:

C # A <: .T A B B
.T

B ≺ A B ≺ T



A B A B

TA U B

<:

<:

=

=

U = .T
C .T B

: C # B <: B
( U <: B) ∈ C

: C # : C

: C # .U <: B
( T <: .U) ∈ C

: C # : C

: C # .T <: B

T = A
C A .U



: C # A <: A
( T = A) ∈ C

: C # : C

: C # A <: .T
( U = .T ) ∈ C

: C # : C

: C # A <: .U

A
C().T C().T B

A B
A

B
# A <: C().T

# C().T <: B
T ≺ A T ≺ B

T U

T U B

A A

T U B

<: <:

<: <:

<:<:

=
=

=

=

=

T U

≺



≺ T <: .U U ≺ T
U = .T T ≺ U U ≺ T T ≺ U

· · · ≺ U ≺ T ≺ U ≺

TA >: B<:

v C
A v.T v.T

B A B

C
T

v C



D t D t

C Copt { d } C
Copt d Copt C′

L >: Topt <: U L
U Topt

L = T
C L T C

m(x : T ) : T m x



T T

m = t C m
t C

t
f : T

:T = t u T t
u

x

p.f

p.m(x = t)
m p t

C C(f = t)
t f

C
C p.L

L
p

p

C(f = v)



p.f

p ::= | x | n | v

ε
|s| s

x x
0 ≤ i < |x| xi (i + 1)

x 0

∈ p p

x ∈ (p) x p

Π



A, B, C
L
f
m
x
n, i, j,
k, N

D ::= C Copt { d }
Copt ::= C |

d ::= L >: Topt <: U
| L = T
| f : T
| m(x : T ) : T
| m = t

t, u ::=
| x
| n
| p.f
| C(f = t)
| p.m(x = t)
| : T = t u

S, T, U,
V, W ::= C

| p.L
Topt ::= T |

p, q ::= | x | n | v | p.f

v, w ::= C(f = v)

P ::= D t



Π = 〈 EC , EL, Ef , Em, Ex,
≺ ∈ (EC ∪ EL ∪ Ef )2,

∈ EC → EC ,
∈ EL → EC ,
∈ EL → ET ,
∈ EL → ET ,
∈ EC × EL → ET ,
∈ Ef → EC ,
∈ Ef → ET ,
∈ Em → EC ,
∈ Em → ET ,
∈ EC × Em → Et ,
∈ Ex → Em,
∈ Ex → ET

∈ Et

〉

• EC EL Ef

Em Ex

• ≺

• C C′

•
L C L

L T U
C L T

L C

• f
C f

T

•
m C
m T

C m t m C

•
x m

x T



•

Et ET



EC = {A, B }
EL = {T }
Ef = ∅
Em = { foo }
Ex = { x }
≺ = { (A, B), (B, T ), (A, T ) }

= {B )→ A }
= {T )→ A }
= {T )→ A }
= ∅
= { (B, T ) )→ B }
= ∅
= ∅
= { foo )→ A }
= { foo )→ .T }
= { (B, foo) )→ .foo(x.foo( )) }
= { x )→ foo }
= { x )→ .T }
= :B = B( ) 0.foo(0)

Π(m) = {x : T |
Π. (x) = m,
Π. (x) = T }

Π(C) = { f : T |
Π. (f) = C,
Π. (f) = T }

∪ { m(x : T ) : T |
Π. (m) = C,

Π(m) = { x : T },
Π. (m) = T }

∪ { m = t | Π. ((C, m)) = t}
∪ { L >: Topt <: U |

Π. (L) = C,
Π. (L) = U,

Topt =
{

T Π. (L) = T }

∪ { L = T | Π. ((C, L)) = T }
Π = { C Copt { d } |

Copt =
{

C′ Π. (C) = C′
,

Π(C) = { d }}
Π = D t Π = {D }, Π. = t



t (t)
k(t) t k

k(n) =
{

∅ n < k
{n − k } n ≥ k

k(x) = ∅
k( : T = t u) = k(T ) ∪ k(t) ∪ k+1(u)

k(· · · ) = · · ·

(t) = 0(t)

t /∈ t (t) ≡ ∅ (t) ≡ ∅

t↑n
k t k ≥ 0 n ≥ 0

t↑n t↑n
0

i↑n
k =

{
i i < k
i + n i ≥ k

x↑n
k = x

( : T = t u)↑n
k = : T ↑n

k = t↑n
k u↑n

k+1
· · · ↑n

k = · · ·

t↑n = t↑n
0

t[k := u] k ≥ 0 t u k

n[k := t] =






n n < k
t↑n n = k
n − 1 n > k

x[k := t] = x
( : T = t1 t2)[k := t] = :T [k := t] = t1[k := t] t2[k + 1 := t]

· · · [k := t] = · · ·

t↓k

k ≥ 0 t↓ t↓0

t↓ t[0 := 0]



i↓k =
{

i i < k
(i) i ≥ k

x↓k = x
( : T = t u)↓k = : T ↓k = t↓k u↓k+1

· · · ↓k = · · ·

t↓ = t↓0

(i) = i − 1 i > 0 0

Π

Π
( m = t) ∈ C

( m = t) ∈ Π(C)
Π. ((C, m)) = t C C′ { d }

C C′ { d } ∈ Π

t m
v v

x t p
t[p] t p x

t[x\p]

Π " t → u Π " C ! C′

t → u C ! C′



p → q

p.f → q.f C(f = v).fi → vi

t → u

C(f = v, t, t) → C(f = v, u, t)

p → q

p.m(x = t) → q.m(x = t)

t → u

v.m(x = v, t, t) → v.m(x = v, u, t)

v ≡ C(f = w) C " C′ ( m = t) ∈ C′

v.m(x = v) → t[v][x\v]

t → t′

: T = t u → : T = t′ u

: T = v t → t[0 := v]

t → u

C C′ { d } C′ " C′′

C " C′′

C " C

C " C′



Γ # t : T t T
Γ # T <: U T

U

p.f
p C

C f

p.L
U L

p T p
T L

Γ
Γo; x : T ; U Γo

C x
T U

Γo ::= C |
Γm ::= Γo; x : T
Γ ::= Γm; U

t U t
T T U

U n (n + 1)
U

0



T
p p T

T [p]

C

: C

t

A(f = B()).L

(C, f ) C
f

C
C C

C
C

p p.L

L = T L >: T <: T



∀C′, f, T. C " C′ ( f : T ) ∈ C′ ∃ i. fi ≡ f

∀C′, m, x, T , T. C " C′ ( m(x : T ) : T ) ∈ C′

∃A, t. C " A ( m = t) ∈ A

∀C′, L, Topt, U. C " C′ ( L >: Topt <: U) ∈ C′

∃A, S. C " A ( L = S) ∈ A

(C, f )

(C, f )

J

# J ; ε; ε # J
: C # J C; ε; ε # J
U # J ; ε; U # J

T
L L

≺ (T ) ≺mul {L } (T )
T ≺mul

≺ (·)

(p) (T ) p T
{ }

{ e1, · · · , en } e1, · · · , en M1$M2

M1 M2

( , x, n, v) = { }
(p.f) = (p) $ { f }
(C) = {C }
(p.L) = (p) $ {L }



Γ ≡ C; x : T ; U
Γ # C <: S

Γ # : S

Γ ≡ Γm; U
N = |U | n < N

Γ # U(N−1−n)↑n+1 <: S

Γ # n : S

Γ ≡ Γo; x : T ; U
Γ # Ti <: S

Γ # xi : S

Γ # p : C
( f : T ) ∈ C
Γ # T [p] <: S

Γ # p.f : S

Γ # p : C ( m(x : T ) : T ) ∈ C
Γ # t : T [p] Γ # T [p] <: S

Γ # p.m(x = t) : S

f Γ # t : U U
∀ i. ( fi : T ) : C #struct Ui <: T

(C, f ) Γ # C <: S

Γ # C(f = t) : S

Γ ≡ Γm; T
Γ # t : T Γm; T , T # u : U 0 /∈ (U) Γ # U↓ <: S

Γ # : T = t u : S

Γ # t : T

Γ # C <: C

C C′ { d }
Γ # C′ <: T

Γ # C <: T

Γ # p : C ( L >: Topt <: U) ∈ C
Γ # U [p] <: S

Γ # p.L <: S

Γ # p : C ( L >: T <: U) ∈ C
Γ # S <: T [p]
Γ # S <: p.L

Γ # p : C
( L = T ) ∈ C

Γ # T [p] <: S

Γ # p.L <: S

Γ # p : C
( L = T ) ∈ C

Γ # S <: T [p]
Γ # S <: p.L

Γ # p : C
( L >: Topt <: U) ∈ C

Γ # p.L <: p.L

Γ # T <: S
Γ # S <: U

Γ # T <: U

Γ # T <: U



Γ # C

Γ # p : C
( L >: Topt <: U) ∈ C

Γ # p.L

Γ # T

: C # T (T ) ≺mul { f }
C # f : T

: C # U (U) ≺mul {L }
Topt ≡ T : C # T (T ) ≺mul {L }

C # L >: Topt <: U

: C # S (S) ≺mul {L }
C " C′ ( L >: Topt <: U) ∈ C′

: C #struct S <: U
Topt ≡ T : C #struct T <: S

C # L = S

: C # T , T

C # m(x : T ) : T

C " C′ ( m(x : T ) : T ) ∈ C′

C; x : T ; ε # t : T

C # m = t

C # d

Copt ≡ C′ C′ ≺ C C # d

C Copt { d }

D



Π

≺ (∀C, f. C ≺ f) (∀C, L. C ≺
L)

∀ D. D ∈ Π D

∃ T. # Π. : T

∀ m, t, u, C, C′.
( m = t) ∈ C
( m = u) ∈ C′

C " C′




 t ≡ u C ≡ C′

∀ L, T, U, C, C′.
( L = T ) ∈ C
( L = U) ∈ C′

C " C′




 T ≡ U C ≡ C′

≺

≺
≺ (Object, T )

(Object, U) (A, T ) (A, U) ≺
(A, B) (B, T ) (B, U) (U, T ) ≺

T ≺ U U ≺ T
T ≺ U



{U ≺ T, T ≺ U }

T .U
B1

T T U
.T B2

≺

Ui T :
C #struct Ui <: T : C # Ui <: T



≺T

Γ #struct t : T
Γ #struct T <: U

Γ #struct T <: S Γ #struct S <: U S ≺T T S ≺T U

Γ #struct T <: U

≺T

≺

≺T

≺ (·)

(T ) ≺mul (U)
T ≺T U

v.f v A(f = v)
v.f vi

v C C
f A



C v
vi

A
A

C A C v vi

f v.f vi

A B
T String

Int

Γ = : A& B A& B
A B

( : A& B) ∈ Γ

Γ # : A
( T = String) ∈ A

Γ # String <: .T

( : A& B) ∈ Γ

Γ # : B
( T = Int) ∈ B

Γ # .T <: Int
Γ # String <: Int

: A& B
String Int

A& B
String

Int



#struct T <: S #struct S <: U

#struct T <: U

S



Γ #alg t : T Γ #alg T <: U

U p
C m

U
T [p]

Γ #alg p : U Γ #alg U <: C ( m(x : T ) : T ) ∈ C
Γ #alg t : U Γ #alg U <: T [p]

Γ #alg p.m(x = t) : T [p]

Γ #alg T <: C
Γ #lookup T <: U Γ #alg U <: T [p]

Γ #check T <: U
Γ #lookup T <: U T

U T U
Γ #check T <: U
T U T U

Γ #lookup T <: U Γ #check T <: U

C
C′ C

C′ p.L

T

U Γ Γ # T
<:−→ U

Γ # T <: U

Γ #alg p : C Γ # C
<:−→ C′ ( L >: Topt <: U) ∈ C′

Γ # U [p] <:−→ S

Γ # p.L
<:−→ S



Γ # U
<:←− T

T U

Γ #alg p : C Γ # C
<:−→ C′ ( L = T ) ∈ C′

Γ # S
<:←− T [p]

Γ # S
<:←− p.L

T U

Γ # T
<:−→ U

Γ #lookup T <: U

T
U

T U
U ′ U T

U ′ S T
S U S

Γ # T
<:−→ S Γ # S

<:←− U

Γ #check T <: U

Γ # T
<:−→ U Γ #struct T <: U (U ≡ T U ≺T T )

Γ # U
<:←− T Γ #struct U <: T (U ≡ T U ≺T T )



Γ #lookup T <: U Γ #struct T <: U
Γ #check T <: U Γ #struct T <: U

Γ #lookup T <: U Γ # T
<:−→ U

Γ #check

T <: U Γ # T
<:−→ S Γ # S

<:←− U
S T U

S T U S
T U ≺T

T
U

T

U

Lookup

<: <:T

S

U<:

Conformance check

U = B
C B

.T



B A

B A { } : C #struct A <: A

: C #struct B <: A

.T A

: C #struct A <: A
: C #struct : C ( T = A) ∈ C

: C #struct A <: .T

B
.T

A ≺T B A ≺T .T
: C #struct B <: A : C #struct A <: .T

: C #struct B <: .T

A ≺T B A ≺T .T

≺T A ≺T B
B A

A ≺ B A ≺T .T
T = A (A) ≺mul {T }

A ≺ T



T U

#struct p : C ( L >: T ′ <: U ′) ∈ C
#struct T <: T ′[p] #struct U ′[p] <: U

L : C #struct T ′ <: U ′

#struct T ′[p] <: U ′[p] T ′[p]
U ′[p] p.L ≺T

#struct T <: U

L = S A
: A #struct T ′ <: S : A #struct S <: U ′

T B
A

p C
B p.T p.T

A

C
p



A B

T C

C
D

L U
A T

U L

(C, f )

L = T
L

T





X C

X C
C{ X >: T <: U } x C

X x T U

R ::= L >: Topt <: U
T ::= C{R } | p.L

(·)



C " D ( L >: Topt <: U) ∈ R
′
,

Γm; S, C{R } # 0.L <: U↑1

Topt ≡ T Γm; S, C{R } # T ↑1 <: 0.L

Γm; S # C{R } <: D{R
′ }

Γ # p : C{R }
( L >: Topt <: U) ∈ R

Γ # U <: S

Γ # p.L <: S

Γ # p : C{R }
( L >: T <: U) ∈ R

Γ # S <: T

Γ # S <: p.L

Γ # C(f = t) : C{ }





ν

ν

ν
ν

ν

ν



ν
ν

ν

ν

ν

ν



Γ # t : T Γ # T <: U
Γ # t : U

Γ # t : T

t ≡ Γ ≡ C; x : T ; U Γ # C <: T

Γ # C <: T Γ # T <: U Γ # C <: U

∈ q[p] ∈ p

∈ T [p] ∈ p

q T

q ≡

q[p] ≡ [p] ≡ p

∈ q[p] ∈ p

q ≡ x

q[p] ≡ x[p] ≡ x

∈ q[p] ∈ x

q ≡ q′.f



q[p] ≡ q′.f [p] ≡ q′[p].f

∈ q′[p].f ∈ q′[p]

∈ p

q ≡ v

q[p] ≡ v[p] ≡ v

∈ q[p] ∈ v

Γo; x : T ; U # t : T (t, T ) ⊂ { x }

Γo; x : T ; U # T <: U (T, U) ⊂ { x }

Γo; x : T ; U # T (T ) ⊂ { x }

(T ↑k) ≡ (T )

Γm; U # t : T ∀ k ∈ (t, T ). k < |U |

Γm; U # T <: U ∀ k ∈ (T, U). k < |U |

Γm; U # T ∀ k ∈ (T ). k < |U |

Γm; U # t : T ∀ d ≤ |U |. ∀ k ∈ d(t, T ). k < |U |− d

Γm; U # T <: U ∀ d ≤ |U |. ∀ k ∈ d(T, U). k < |U |− d

Γm; U # t : T Γm; U # T <: U
d = 0

t ≡ Γm ≡ C; x : T Γm; U # C <: T

d ≤ |U |

d(t) = d( ) = ∅ ∀ k ∈ d(t). k < |U |− d

Γm; U # C <: T ∀ k ∈ d(T ). k < |U |− d



t ≡ n N = |U | n < N Γm; U # U(N−1−n)↑n+1 <: T

d ≤ |U |

Γm; U # U(N−1−n)↑n+1 <: T ∀ k ∈ d(T ). k < |U |

n d

n < d

d(t) = d(n) = ∅
∀ k ∈ ∅. k < |U |− d

n ≥ d

d(t) = d(n) = {n− d }
k ∈ d(t) k ≡ n − d

N = |U | n < N n − d < |U |− d

t ≡ p.f Γm; U # p : C ( f : S) ∈ C Γm; U # S[p] <: T

d ≤ |U |

d(t) = d(p.f) = d(p)

Γm; U # p : C ∀ k ∈ d(p). k < |U | − d ∀ k ∈
d(t). k < |U |− d

Γm; U # S[p] <: T ∀ k ∈ d(T ). k < |U |− d

t ≡ p.m(x = t) Γm; U # p : C ( m(x : S) : S) ∈ C
Γm; U # t : S[p] Γm; U # S[p] <: T

d ≤ |U |

d(t) = d(p.m(x = t)) = d(p) ∪ d(t)

Γm; U # p : C ∀ k ∈ d(p). k < |U |− d

Γm; U # t : S[p] ∀ k ∈ d(t). k < |U |− d

Γm; U # S[p] <: T ∀ k ∈ d(T ). k < |U |− d

t ≡ : T1 = t1 t2 Γm; U # t1 : T1

Γm; U, T1 # t2 : T2 0 /∈ (T2) Γm; U # T2↓ <: T



d ≤ |U |

d(t) = d( : T1 = t1 t2) = d(T1) ∪ d(t1) ∪ d+1(t2)

Γm; U # t1 : T1 ∀ k ∈ d(t1) ∪ d(T1). k < |U |− d

Γm; U, T1 # t2 : T2 ∀ d′ ≤ |U | + 1. ∀ k ∈ d′(t2). k <
|U | + 1 − d′

d ≤ |U | d + 1 ≤ |U | + 1

d′ = d + 1 ∀ k ∈ d+1(t2). k < |U |+ 1−
(d + 1) k < |U |− d

Γm; U # T2↓ <: T ∀ k ∈ d(T ). k < |U |− d

T ≡ C U ≡ C

d ≤ |U |

d(T ) = d(C) = ∅ d(U) = d(C) = ∅ ∀ k ∈ d(T ) ∪
d(U). k < |U |− d

T ≡ C C C′ { d } Γm; U # C′ <: U

d ≤ |U |

d(T ) = d(C) = ∅ ∀ k ∈ d(T ). k < |U |− d

Γm; U # C′ <: U ∀ k ∈ d(U). k < |U |− d

T ≡ p.L U ≡ p.L Γm; U # p : C ( L >: Topt <: U) ∈ C

d ≤ |U |

d(T ) = d(U) = d(p.L) = d(p)

Γm; U # p : C ∀ k ∈ d(p). k < |U |− d

Γm; U # T <: S Γm; U # S <: U S ≺T T, U

d ≤ |U |

Γm; U # T <: S ∀ k ∈ d(T ). k < |U |− d

Γm; U # S <: U ∀ k ∈ d(U). k < |U |− d

T ≡ p.L Γm; U # p : C
( L = S) ∈ C Γm; U # S[p] <: U



d ≤ |U |

d(T ) = d(p.L) = d(p)

Γm; U # p : C ∀ k ∈ d(p). k < |U |− d

Γm; U # S[p] <: U ∀ k ∈ d(U). k < |U |− d

v

v

# t : T t '≡ t '≡ x t '≡ n

t

# p : T p ≡ v

p x n v

t[p][v] ≡ t[p[v]]

T [p][v] ≡ T [p[v]]

t T

x /∈ (t) t[p][x\v] ≡ t[p[x\v]]

x /∈ (T ) T [p][x\v] ≡ T [p[x\v]]

t T

t ≡

t[p][x\v] ≡ [p][x\v] ≡ p[x\v]

t[p[x\v]] ≡ [p[x\v]] ≡ p[x\v]

t ≡ n

n[p][x\v] ≡ n



n[p[x\v]] ≡ n

t ≡ x

x /∈ (t) x /∈ x

t[p][x\v] ≡ x[p][x\v] ≡ x[x\v] ≡ x x /∈ x

t[p[x\v]] ≡ x[p[x\v]] ≡ x

(t) = ∅ t[p][k := v] ≡ t[p[k := v]]

(T ) = ∅ T [p][k := v] ≡ T [p[k := v]]

t T

t ≡

t[p][k := v] ≡ [p][k := v] ≡ p[k := v]

t[p[k := v]] ≡ [p[k := v]] ≡ p[k := v]

t ≡ n

(n) = {n } (t) = ∅

t ≡ x

t[p][k := v] ≡ x[p][k := v] ≡ x[k := v] ≡ x

t[p[k := v]] ≡ x[p[k := v]] ≡ x



∈ q (q[p]) ≡ (q) $ (p)

∈ T (T [p]) ≡ (T ) $ (p)

q T

q ≡

(q[p]) ≡ ( [p]) ≡ (p)

(q) $ (p) ≡ ( ) $ (p) ≡ { } $ (p) ≡ (p)

q ≡ x, n, v

/∈ q

q ≡ q′.f

∈ q ∈ q′

∈ q′ (q′[p]) ≡ (q′) $ (p)

(q[p]) ≡ (q′.f [p]) ≡ (q′[p].f) ≡ (q′[p]) $ { f } ≡ (q′) $
(p) $ { f }

(q) $ (p) ≡ (q′.f) $ (p) ≡ (q′) $ { f } $ (p)

T ≡ C

/∈ T

T ≡ q.L

∈ T ∈ q

∈ q (q[p]) ≡ (q) $ (p)

(T [p]) ≡ (q.L[p]) ≡ (q[p].L) ≡ (q[p]) $ {L } ≡ (q) $
(p) $ {L }

(T ) $ (p) ≡ (q.L) $ (p) ≡ (q) $ {L } $ (p)

(T [v]) ≡ (T )



∈ T

∈ T (T [v]) ≡ (T ) $ (v)

(v) ≡ { } (T ) $ (v) ≡ (T )

/∈ T T [v] ≡ T (T [v]) ≡ (T )

1. ( L >: Topt <: U) Topt[p], U [p] ≺T p.L
2. ( L = T ) T [p] ≺T p.L
3. ( C C′ { d }) C′ ≺T C

( L >: Topt <: U)
(U) ≺mul {L }

(p.L) ≡ (p) $ {L }

(U [p]) ≺mul (p.L) ∈ p

∈ p (U [p]) ≡ (U) $ (p)
(U) ≺mul {L } (U) $ (p) ≺mul (p) $ {L }

/∈ p U [p] ≡ U

(U [p]) ≡ (U)
(U) ≺mul {L } (U) ≺mul (p) $ {L }

(U [p]) ≺mul (p.L) U [p] ≺T p.L

Topt ≡ T T [p] ≺T p.L

( C C′ { d })
C′ ≺ C

(C) ≡ {C } (C′) ≡ {C′ }

C′ ≺ C {C′ } ≺mul {C }

(C′) ≺mul (C) C′ ≺T C



T ≺T U
T [v] ≺T U [v]

T ≺T U (T ) ≺mul (U)

(T [v]) ≡ (T ) (U [v]) ≡ (U)

(T [v]) ≺mul (U [v]) T [v] ≺T U [v]

T ≺T C T ≡ C′

C ≺T p.L

T
T ≡ C′

T ≡ p.L

p.L ≺T C (p.L) ≺mul (C)

(p.L) ≡ (p) $ {L } (C) ≡ {C }

(p) $ {L } ≺mul {C } L ≺ C

C ≺ L

· · · ≺ L ≺ C ≺ L ≺ C
≺

(C) ≡ {C } (p.L) ≡ (p) $ {L }

C ≺ L

C ≺ L {C } ≺mul (p) $ {L }

(C) ≺mul (p.L) C ≺T p.L

Rmul R

≺T



(Ti)i

≺T

≺T

( (Ti))i ≺mul

≺

≺mul

≺T mul ≺T

≺T



C "C′ C′ "C′′ C "
C′′

C " C′

C " C1 C " C2 C1 " C2 C2 " C1

C "C1 C ≡ C1 C "C2

C1 " C2 C C′ { d } C′ " C1

C "C2 C ≡ C2 C "C1

C2 " C1 C C′ { d } C′ " C2

C1 " C2 C2 " C1

Γ #struct C <: C′

C " C′

Γ #struct C <: C′

S S ≺T C, C′

S C′′

C " C′′ C′′ " C′

C " C′ Γ #struct

C <: C′

C " C′



Γ #struct t : T Γ # t : T

Γ #struct T <: U Γ # T <: U

Γ #struct t : T Γ #struct T <:
U

: C #struct A <: T '∈ T #struct A <: T

: C #struct v : T '∈ T #struct v : T

: C #struct A <: T : C #struct

v : T

: C #struct A <: S : C #struct S <: T S ≺T A, T

S ≺T A S ≡ B

: C #struct A <: B /∈ B #struct A <: B

: C #struct B <: T /∈ T #struct B <: T

#struct A <: T

T ≡ A

#struct A <: A

A A′ { d } : C #struct A′ <: T

: C #struct A′ <: T '∈ T #struct A′ <: T

#struct A <: T

T ≡ p.L : C #struct p : C′

( L = U) ∈ C′ : C #struct A <: U [p]

T ≡ p.L '∈ T '∈ p

'∈ p '∈ U [p]



: C #struct A <: U [p] '∈ U [p] #struct

A <: U [p]

p x n
v /∈ p p p

( : C) p
p v

: C #struct v : C′ /∈ C′ #struct v : C′

#struct A <: v.L

: C #struct v : T

v ≡ B(f = v) f : C #struct v : U U
∀ i, S. ( fi : S) : B #struct Ui <: S

(B, f) : C #struct B <: T

U /∈ U

: C #struct v : U /∈ U #struct v : U

: C #struct B <: T /∈ T #struct B <: T

#struct B(f = v) : T

Γ #struct A <: B Γ′ #struct B <: C Γ′′ #struct A <: C

Γ #struct A <: B A " B

Γ′ #struct B <: C B " C

A " B B " C
A " C

A " C Γ′′ #struct A <: C

#struct v : C

: C #struct p : A #struct p[v] : A

: C #struct T <: U #struct T [v] <: U [v]



p

p ≡ : C #struct C <: A

p[v] ≡ [v] ≡ v

#struct v : C

#struct v : C

v ≡ B(f = v) f #struct v : U U
∀ i, S. ( fi : S) : B #struct Ui <: S

(B, f) #struct B <: C

#struct B <:
C : C #struct C <: A #struct B <: A

#struct v : A

p ≡ w

p[v] ≡ w[v] ≡ w '∈ w

: C #struct w : A #struct w :
A

p ≡ x

x

p ≡ n

n < 0

: C #struct T <: U

: C #struct T <: S : C #struct S <: U S ≺T T, U

#struct T [v] <: S[v] #struct S[v] <: U [v]

S ≺T T, U S[v] ≺T T [v], U [v]

#struct T [v] <: U [v]

A T



T ≡ p.L : C #struct p : C′

( L = S) ∈ C′ : C #struct S[p] <: U

(p.L)[v] ≡ p[v].L

: C #struct p : C′ #struct p[v] : C′

: C #struct S[p] <: U #struct S[p][v] <: U [v]

S[p][v] ≡ S[p[v]]

#struct p[v].L <: U [v]

#struct T <: S #struct S <: U #struct T <: U

≺T mul

#struct T <: S #struct S <: U
{T, S, U }

T ≡ C C C′ { d } #struct C′ <: S

( C C′ { d }) C′ ≺T

C

C′ ≺T C {C′, S, U }≺T mul{C, S, U }

#struct C′ <: S #struct S <: U #struct C′ <: U

#struct C <: U

T ≡ p.L #struct p : C
( L >: Topt <: T ′) ∈ C #struct T ′[p] <: S

( L >: Topt <: T ′) T ′[p] ≺T p.L

T ′[p] ≺T p.L {T ′[p], S, U }≺T mul{ p.L, S, U }

#struct T ′[p] <: S #struct S <: U #struct T ′[p] <:
U



#struct p.L <: U

T ≡ C S ≡ C

T ≡ C S ≡ C S ≡ T

#struct S <: U #struct T <: U

T ≡ p.L S ≡ p.L #struct p : C ( L >: Topt <: T ′) ∈ C

T ≡ p.L S ≡ p.L S ≡ T

#struct S <: U #struct T <: U

S

S ≡ p.L
#struct p : C ( L = T ′) ∈ C #struct T <: T ′[p]

#struct p : C′ ( L >: Topt <: U ′) ∈ C′ #struct U ′[p] <: U

( L = T ′) ∈ C ( L >:
Topt <: U ′) : C #struct T ′ <: U ′

#struct p : C # p : C

# p : C p v

#struct v : C : C #struct T ′ <: U ′

#struct T ′[v] <: U ′[v]

( L = T ′) T ′[p] ≺T p.L

( L >: Topt <: U ′) U ′[p] ≺T

p.L

T ′[p], U ′[p] ≺T p.L {T, T ′[p], U ′[p] }≺T mul{T, p.L, U }

#struct T <: T ′[p] #struct T ′[p] <: U ′[p] #struct

T <: U ′[p]

U ′[p] ≺T p.L {T, U ′[p], U }≺T mul{T, p.L, U }

#struct T <: U ′[p] #struct U ′[p] <: U #struct T <:
U



S ≡ p.L
#struct p : C ( L = T ′) ∈ C #struct T <: T ′[p]
#struct p : C′ ( L = U ′) ∈ C′ #struct U ′[p] <: U

#struct p : C # p : C

# p : C p A(f = v)

#struct A(f = v) : C #struct A <: C

#struct A <: C A " C

A " C′

A " C A " C′ C " C′ C′ " C

C ≡ C′ T ′ ≡ U ′

T ′[p] ≡ U ′[p]

( L = T ′) T ′[p] ≺T p.L

T ′[p] ≺T p.L {T, T ′[p], U }≺T mul{T, p.L, U }

#struct T <: T ′[p] #struct T ′[p] <: U #struct T <:
U

S ≡ p.L #struct p : C
( L >: T ′ <: U ′) ∈ C #struct T <: T ′[p] #struct U ′[p] <: U

#struct p : C # p : C

# p : C p v

#struct v : C

v ≡ A(f = v) f #struct v : U U
∀ i, U. ( fi : U) : B #struct Ui <: U

(A, f) #struct A <: C

#struct A <: C A " C

v ( L >: T ′ <: U ′) ∈ C A " C
C′ S′ A " C′ ( L = S′) ∈ C′

( L = S′) ∈ C′ :
C′ #struct S′ <: U ′ : C′ #struct T ′ <: S′

A " C′ #struct A <: C′

#struct A <: C′ #struct v : C′

#struct v : C′ : C′ #struct S′ <: U ′

#struct S′[v] <: U ′[v]



#struct v : C′ : C′ #struct T ′ <: S′

#struct T ′[v] <: S′[v]

( L = S′) S′[p] ≺T p.L

( L >: T ′ <: U ′)
T ′[p], U ′[p] ≺T p.L

T ′[p], S′[p] ≺T p.L {T, T ′[p], S′[p] }≺T mul{T, p.L, U }

#struct T <: T ′[p] #struct T ′[p] <: S′[p] #struct

T <: S′[p]

S′[p], U ′[p] ≺T p.L {T, S′[p], U ′[p] }≺T mul{T, p.L, U }

#struct T <: S′[p] #struct S′[p] <: U ′[p] #struct

T <: U ′[p]

U ′[p] ≺T p.L {T, U ′[p], U }≺T mul{T, p.L, U }

#struct T <: U ′[p] #struct U ′[p] <: U #struct T <:
U

#struct T <: S′ #struct S′ <: S S′ ≺T T, S

S′ ≺T T {S′, S, U }≺T mul{T, S, U }

#struct S′ <: S #struct S <: U #struct S′ <: U

S′ ≺T S {T, S′, U }≺T mul{T, S, U }

#struct T <: S′ #struct S′ <: U #struct T <: U

# T <: U #struct T <: U

# v : T #struct v : T

# T <: U # v : T



# t : T t u t → u

# t : T

t ≡

# : T

t ≡ x

# x : T

t ≡ n

# n : T

t ≡ C(f = t) # t : T

t

t ≡ v

t ≡ C(f = v)

t ≡ v, t′, t
′

t′

# t : T i # t′ : Ti

u′ t′ → u′

C(f = v, t′, t
′) → C(f = v, u′, t

′)

t ≡ p.f # p : C ( f : S) ∈ C # S[p] <: T

p

p

p′ p → p′

p.f → p′.f

p ≡ B(f = v)



# B(f = v) : C

f # v : U U
∀ i, S. ( fi : S) : B #struct Ui <: S

(B, f) # B <: C

# B <: C #struct B <: C

#struct B <: C B " C

(B, f) B " C ( f : S) ∈ C i
f ≡ fi

p.fi → vi

t ≡ p.m(x = t) # p : C ( m(x : S) : S) ∈ C
# t : S[p] # S[p] <: T

p t

p

p′ p → p′

p.m(x = t) → p′.m(x = t)

p ≡ v t ≡ v, t′, t
′

t′

u′ t′ → u′

p.m(x = v, t′, t
′) → p.m(x = v, u′, t

′)

p ≡ B(f = v) t ≡ w

# B(f = v) : C

f # v : U U
∀ i, S. ( fi : S) : B #struct Ui <: S

(B, f) # B <: C

# B <: C
#struct B <: C

#struct B <: C B " C

(B, f) B " C ( m(x : S) : S) ∈ C
A t′ B " A ( m = t′) ∈ A

p.m(x = w) → t′[p][x\w]

t ≡ : T = t′ t′′

t′

t′



u′ t′ → u′

: T = t′ t′′ → : T = u′ t′′

t′ ≡ v

: T = v t′′ → t′′[0 := v]



(t) ≡ ∅ t↑n ≡ t

(T ) ≡ ∅ T ↑n ≡ T

t T

(t) ≡ ∅ t↓ ≡ t

(T ) ≡ ∅ T ↓ ≡ T

v↑n
k ≡ v

v

t[v]↑n ≡ t↑n[v]

T [v]↑n ≡ T ↑n[v]

t[v]↑n
k ≡ t↑n

k [v] T [v]↑n
k ≡ T ↑n

k [v]
t T

t ≡

t[v]↑n
k ≡ [v]↑n

k ≡ v↑n
k

v↑n
k ≡ v

t↑n
k [v] ≡ ↑n

k [v] ≡ [v] ≡ v

t ≡ i

t[v]↑n
k ≡ i[v]↑n

k ≡ i↑n
k

t↑n
k [v] ≡ i↑n

k [v]

i < k i↑n
k ≡ i i[v] ≡ i

i↑n
k ≡ i + n (i + n)[v] ≡ i + n



t[x\v]↑n ≡ t↑n[x\v]

T [x\v]↑n ≡ T ↑n[x\v]

t[x\v]↑n
k ≡ t↑n

k [x\v] T [x\v]↑n
k ≡ T ↑n

k [x\v]
t T

t ≡ x

t[x\v]↑n
k ≡ x[x\v]↑n

k

t↑n
k [x\v] ≡ x↑n

k [x\v] ≡ x[x\v]

x ∈ x

i x[x\v] ≡ vi

x[x\v]↑n
k ≡ vi↑n

k

vi↑n
k ≡ vi

x[x\v] ≡ x

x[x\v]↑n
k ≡ x↑n

k ≡ x

t ≡ i

t[x\v]↑n
k ≡ i[x\v]↑n

k ≡ i↑n
k

t↑n
k [x\v] ≡ i↑n

k [x\v]

i < k i↑n
k ≡ i i[x\v] ≡ i

i↑n
k ≡ i + n (i + n)[x\v] ≡ i + n

t[k := v]↑n ≡ t↑n[k + n := v]

T [k := v]↑n ≡ T ↑n[k + n := v]

∀ k′ ≤ k. t[k := v]↑n
k′ ≡ t↑n

k′ [k + n := v]

∀ k′ ≤ k. T [k := v]↑n
k′ ≡ T ↑n

k′ [k + n := v]

t T k′ = 0
t ≡ i



i k

i < k

i[k := v] ≡ i

i k′

i < k′

• i↑n
k′ ≡ i

• i < k i < k + n

• i < k + n i[k + n := v] ≡ i

i ≡ k′

• i↑n
k′ ≡ i + n

• i < k i + n < k + n

• i + n < k + n (i + n)[k + n := v] ≡ i + n

i > k′

• i↑n
k′ ≡ i + n

• i < k i + n < k + n

• i + n < k + n (i + n)[k + n := v] ≡ i + n

i ≡ k

i[k := v] ≡ v↑k

v↑k ≡ v

v↑n
k′ ≡ v

i k′

i < k′

• i ≡ k i < k′ k < k′ k′ ≤ k

i ≡ k′

• i ≡ k′ i ≥ k′

• i ≥ k′ i↑n
k′ ≡ i + n

• i ≡ k (i+n)[k+n := v] ≡ (k+n)[k+n := v] ≡ v↑k+n ≡ v

i > k′

• i > k′ i ≥ k′

• i ≥ k′ i↑n
k′ ≡ i + n

• i ≡ k (i+n)[k+n := v] ≡ (k+n)[k+n := v] ≡ v↑k+n ≡ v

i > k

i[k := v] ≡ i − 1
i k′

i < k′

• i > k i < k′ k < k′ k′ ≤ k

i ≡ k′



• i > k i ≡ k′ k′ > k k′ ≤ k

i > k′

• i > k′ i − 1 ≥ k′ (i − 1)↑n
k′ ≡ i − 1 + n

• i > k′ i ≥ k′ i↑n
k′ ≡ i + n

• i > k i+n > k+n (i+n)[k+n := v] ≡ i+n−1

t ≡ : T = t′ t′′

t[k := v]↑n
k′ ≡ ( : T = t′ t′′)[k := v]↑n

k′

≡ ( : T [k := v] = t′[k := v] t′′[k + 1 := v])↑n
k′

≡ : T [k := v]↑n
k′ = t′[k := v]↑n

k′ t′′[k + 1 := v]↑n
k′+1

t↑n
k′ [k + n := v] ≡ ( : T = t′ t′′)↑n

k′ [k + n := v]
≡ ( : T ↑n

k′ = t′↑n
k′ t′′↑n

k′+1)[k + n := v]
≡ : T ↑n

k′ [k + n := v] = t′↑n
k′ [k + n := v] t′′↑n

k′+1[k + n + 1 := v]

T [k := v]↑n
k′ ≡ T ↑n

k′ [k + n := v]

t′[k := v]↑n
k′ ≡ t′↑n

k′ [k + n := v]

k′ ≤ k k′ + 1 ≤ k + 1

t′′[k + 1 := v]↑n
k′+1 ≡ t↑n

k′+1[k + 1 + n := v]

t[v]↓ ≡ t↓[v] T [v]↓ ≡ T ↓[v]

t[x\v]↓ ≡ t↓[x\v] T [x\v]↓ ≡ T ↓[x\v]

0 /∈ (t) t[k + 1 := v]↓ ≡ t↓[k := v] 0 /∈ (T )
T [k + 1 := v]↓ ≡ T ↓[k := v]

(t) ≡ ∅ t[k := u] ≡ t



S # t : T ; x : T ; U, S # t : T

S # T <: U ; x : T ; U, S # T <: U

t ≡ Γ ≡ S Γ # C <: T

t ≡ x

x

t ≡ n Γ ≡ S N ≡ |S| n < N Γ # S(N−1−n)↑n+1 <: T

; x : T ; U, S # S(N−1−n)↑n+1 <: T

V ≡ U, S N ′ ≡ |V |

N ≤ N ′ n < N n < N ′

n < N V(N ′−1−n) ≡ S(N−1−n)

; x : T ; U, S # n : T

t ≡ : T1 = t1 t2 Γ ≡ S
Γ # t1 : T1 S, T1 # t2 : T2 0 /∈ (T2) Γ # T2↓ <: T

; x : T ; U, S # t1 : T1

; x : T ; U, S, T1 # t2 : T2

; x : T ; U, S # T2↓ <: T

; x : T ; U, S # :T1 = t1 t2 : T



(T ) ≡ ∅ ∀ i ∈ [0, |U |− 1], ∀ k ∈ (Ui), k < i

(Γo; x : T ; U)

(Γ)

Γ ≡ C; x : T ; U # v : C

Γ # t : T ; x : T [v]; U [v] # t[v] : T [v]

Γ # T <: U ; x : T [v]; U [v] # T [v] <: U [v]

Γ ≡ ; x : T ; U (Γ) # v : T

Γ # t : T U [x\v] # t[x\v] : T [x\v]

Γ # T <: U U [x\v] # T [x\v] <: U [x\v]

Γ ≡ ; ε; U, U (Γ) N ≡ |U | # v : U

Γ # t : T (Ui[i := v])i∈[0,N−1] # t[N := v] : T [N := v]

Γ # S1 <: S2 (Ui[i := v])i∈[0,N−1] # S1[N := v] <: S2[N :=
v]

t ≡ Γ ≡ C; x : T ; U Γ # C <: T

t[v] ≡ [v] ≡ v

Γ # C <: T ; x : T [v]; U [v] # C <: T [v]

# v : C ; x : T [v]; U [v] # v :
C

; x :
T [v]; U [v] # v : T [v]

t ≡ n Γ ≡ C; x : T ; U N ≡ |U | Γ # U(N−1−n)↑n+1 <: T

t[v] ≡ n[v] ≡ n

; x : T [v]; U [v] # U(N−1−n)↑n+1[v] <: T [v]

U(N−1−n)↑n+1[v] ≡ U(N−1−n)[v]↑n+1

; x : T [v]; U [v] # n : T [v]

t ≡ xi Γ ≡ C; x : T ; U Γ # Ti <: T



t[v] ≡ xi[v] ≡ xi

; x : T [v]; U [v] # Ti[v] <: T [v]

; x : T [v]; U [v] # xi : T [v]

t ≡ p.f Γ ≡ C; x : T ; U Γ # p : A ( f : S) ∈ A Γ # S[p] <: T

t[v] ≡ p.f [v] ≡ p[v].f

; x : T [v]; U [v] # p[v] : A

; x : T [v]; U [v] # S[p][v] <: T [v]

S[p][v] ≡ S[p[v]]

; x : T [v]; U [v] # p[v].f : T [v]

t ≡ C(f = t) Γ ≡ C; x : T ; U Γ # t : U U Γ # C <: T · · ·

t[v] ≡ C(f = t)[v] ≡ C(f = t[v])

; x : T [v]; U [v] # t[v] : U [v]

U U [v] ≡ U

; x : T [v]; U [v] # C <: T [v]

; x : T [v]; U [v] # C(f = t[v]) : T [v]

t ≡ : S1 = t1 t2 Γ ≡ C; x : T ; U
Γ # t1 : S1 C; x : T ; U, S1 # t2 : S2 0 /∈ (S2) Γ # S2↓ <: T

t[v] ≡ ( : S1 = t1 t2)[v] ≡ : S1[v] = t1[v] t2[v]

; x : T [v]; U [v] # t1[v] : S1[v]

; x : T [v]; U [v], S1[v] # t2[v] : S2[v]

0 /∈ (S2) v 0 /∈ (S2[v])

; x : T [v]; U [v] # (S2↓)[v] <: T [v]

(S2↓)[v] ≡ S2[v]↓

; x : T [v]; U [v] # : S1[v] = t1[v] t2[v] : T [v]

T ≡ p.L U ≡ p.L Γ # p : A ( L >: Topt <: S) ∈ A

T [v] ≡ U [v] ≡ p.L[v] ≡ p[v].L



; x : T [v]; U [v] # p[v] : A

; x : T [v]; U [v] # p[v].L <: p[v].L

t ≡ n Γ ≡ ; x : T ; U N ≡ |U | Γ # U(N−1−n)↑n+1 <: T

t[x\v] ≡ n[x\v] ≡ n

U [x\v] # U(N−1−n)↑n+1[x\v] <: T [x\v]

U(N−1−n)↑n+1[x\v] ≡ U(N−1−n)[x\v]↑n+1

U [x\v] # n : T [x\v]

t ≡ xi Γ ≡ ; x : T ; U Γ # Ti <: T

t[x\v] ≡ xi[x\v] ≡ vi

U [x\v] # Ti[x\v] <: T [x\v]

(Γ) (T ) ≡ ∅

(T ) ≡ ∅ Ti[x\v] ≡ Ti

# v : T # vi : Ti

# vi : Ti U [x\v] # vi : Ti

U [x\v] # vi : T [x\v]

t ≡ p.f Γ ≡ ; x : T ; U Γ # p : A ( f : S) ∈ A Γ # S[p] <: T

t[x\v] ≡ p.f [x\v] ≡ p[x\v].f

U [x\v] # p[x\v] : A

U [x\v] # S[p][x\v] <: T [x\v]

( f : S) ∈ A : A # S

: A # S (S) ⊂ ∅

x /∈ (S) S[p][x\v] ≡ S[p[x\v]]



U [x\v] # p[x\v].f : T [x\v]

t ≡ : S1 = t1 t2 Γ ≡ ; x : T ; U
Γ # t1 : S1 ; x : T ; U, S1 # t2 : S2 0 /∈ (S2) Γ # S2↓ <: T

t[x\v] ≡ ( : S1 = t1 t2)[x\v] ≡ : S1[x\v] = t1[x\v] t2[x\v]

U [x\v] # t1[x\v] : S1[x\v]

U [x\v], S1[x\v] # t2[x\v] : S2[x\v]

0 /∈ (S2) v 0 /∈ (S2[x\v])

U [x\v] # S2↓[x\v] <: T [x\v]

S2↓[x\v] ≡ S2[x\v]↓

U [x\v] # : S1[x\v] = t1[x\v] t2[x\v] : T [x\v]

T ≡ p.L U ≡ p.L Γ # p : A ( L >: Topt <: S) ∈ A

T [x\v] ≡ U [x\v] ≡ p.L[x\v] ≡ p[x\v].L

U [x\v] # p[x\v] : A

U [x\v] # p[x\v].L <: p[x\v].L

U U [x\v] ≡ U

t ≡ Γ ≡ U, U Γ # C <: T

t[N := v] ≡ [N := v] ≡

(Ui[i := v])i # C <: T [N := v]

(Ui[i := v])i # : T [N := v]

t ≡ n Γ ≡ U, U V = U, U n < N + 1 Γ # V(N−n)↑n+1 <: T

(Ui[i := v])i # V(N−n)↑n+1[N := v] <: T [N := v]

n

n ≡ N



t[N := v] ≡ N [N := v] ≡ v↑N ≡ v

V(N−n)↑n+1[N := v] ≡ V0↑N+1[N := v] ≡ U↑N+1[N := v]
(Γ) ∀ k ∈ (U), k < 0 (U) ≡ ∅

(U) ≡ ∅ U↑N+1 ≡ U

(U) ≡ ∅ U [N := v] ≡ U

U↑N+1[N := v] ≡ U

# v : U (Ui[i := v])i # v : U

(Ui[i := v])i # v : T [N := v]

n < N

t[N := v] ≡ n[N := v] ≡ n n < N

n < N V(N−n)↑n+1[N := v] ≡ U(N−1−n)↑n+1[N := v]
U(N−1−n)↑n+1[N := v] ≡ U(N−1−n)[N − 1 − n :=

v]↑n+1

(Ui[i := v])i # n : T [N := v]

t ≡ x

x U, U

t ≡ p.f Γ ≡ U, U Γ # p : C ( f : S) ∈ C Γ # S[p] <: T

t[N := v] ≡ p.f [N := v] ≡ p[N := v].f

(Ui[i := v])i # p[N := v] : C

(Ui[i := v])i # S[p][N := v] <: T [N := v]

( f : S) ∈ C : C # S

: C # S (S) ≡ ∅

(S) ≡ ∅ S[p][N := v] ≡ S[p[N := v]]

(Ui[i := v])i # p[N := v].f : T [N := v]

t ≡ : S1 = t1 t2 Γ ≡ U, U
Γ # t1 : S1 U, U, S1 # t2 : S2 0 /∈ (S2) Γ # S2↓ <: T

t[N := v] ≡ ( : S1 = t1 t2)[N := v] ≡ : S1[N := v] = t1[N :=
v] t2[N + 1 := v]

(Ui[i := v])i # t1[N := v] : S1[N := v]

(Ui[i := v])i, S1[N := v] # t2[N + 1 := v] : S2[N + 1 := v]

0 /∈ (S2) v 0 /∈ (S2[N + 1 := v])



(Ui[i := v])i # S2↓[N := v] <: T [N := v]

S2↓[N := v] ≡ S2[N + 1 := v]↓

(Ui[i := v])i # : S1[N := v] = t1[N := v] t2[N +
1 := v] : T [N := v]



# t : T t → u # u : T

# t : T

t ≡

t ≡ x

x

t ≡ n

n

t ≡ p.f # p : C ( f : S) ∈ C # S[p] <: T

# p : C p v

t → u

p → p′ u ≡ p′.f

p p

p ≡ B(f = v) f ≡ fi u ≡ vi

# v : C

f # v : U U
∀ i, S. ( fi : S) : B #struct Ui <: S

(B, f) # B <: C

f ≡ fi ( fi : S)
( fi : S) : B #struct Ui <: S

: B #struct Ui <: S : B # Ui <:
S

# B <: B

# v : B

# v : B : B #
Ui <: S # Ui <: S[v] Ui

# Ui <: S[v] # S[v] <: T # Ui <:
T



# vi : Ui # Ui <: T
# vi : T

t ≡ : S = t′ t′′ # t′ : S S # t′′ : S′ 0 /∈ (S′) # S′↓ <: T

t → u

t′ → u′ u ≡ : S = u′ t′′

# u′ : S

# : S = u′ t′′ : T

t′ ≡ v u ≡ t′′[0 := v]

# v : S ∀ k ∈ (S), k < 0
∀ k ∈ (S), k < 0 (S)

# v : S S # t′′ : S′

(S) # t′′[0 := v] : S′[0 := v]
S # t′′ : S′ (∀ k ∈ (S′). k < 1)

(∀ k ∈ (S′). k < 1) 0 /∈ (S′) (S′) ≡ ∅
(S′) ≡ ∅ S′[0 := v] ≡ S′

(S′) ≡ ∅ S′↓ ≡ S′

# t′′[0 := v] : S′ # S′ <: T
# t′′[0 := v] : T

t ≡ p.m(x = t) # p : C ( m(x : S) : S) ∈ C # t : S[p] # S[p] <: T

# p : C p v

t → u

p → p′ u ≡ p′.m(x = t)

p p

t ≡ v, t′, t
′

t′ → u′ u ≡ p.m(x = v, u′, t
′)

u = v, u′, t
′

n = |v| ∀ i. # ui : Si[p]

i '= n

• i '= n ui ≡ ti # ui : Si[p]



i ≡ n

• tn ≡ t′ un ≡ u′

• # t′ : Sn[p] # u′ : Sn[p]

# p.m(x = v, u′, t
′) : T

v ≡ C′(f = w) t ≡ v C′ " A ( m = t′) ∈ A u ≡ t′[v][x\v]

( m = t′) A; x : S; ε # t′ : S

C′ " A # C′ <: A

# C′(f = w) : C

f # w : U U
∀ i, U. ( fi : U) : C′ #struct Ui <: U

(C′, f) # C′ <: C

# C′ <: A # v : A

# v : A A; x :
S; ε # t′ : S ; x : S[v]; ε # t′[v] : S[v]

( m(x : S) : S) ∈ C : C # S

: C # S (S) ⊂ ∅
v (S[v]) ≡ (S)

(S[v]) ≡ ∅ ( ; x :
S[v]; ε)

# v : S[v] ; x :
S[v]; ε # t′[v] : S[v] ( ; x : S[v]; ε)
# t′[v][x\v] : S[v][x\v]

( m(x : S) : S) ∈ C : C # S

: C # S (S) ≡ ∅
x /∈ (S) S[v][x\v] ≡ S[v]

# t′[v][x\v] : S[v] # S[v] <: T
# t′[v][x\v] : T

t ≡ C(f = t) f # t : U U
∀ i, S. ( fi : S) : C #struct Ui : S

(C, f) # C <: T

t → u

t ≡ v, t′, t
′

t′ → u′ u ≡ C(f = v, u′, t
′)



u = v, u′, t
′

n = |v| ∀ i. # ui : Ui

i '= n

• i '= n ui ≡ ti # ui : Ui

i ≡ n

• tn ≡ t′ un ≡ u′

• # t′ : Un # u′ : Un

# C(f = v, u′, t
′) : T



# t : T t
u t →∗ u # u : T

t →∗ u

Π Π. →∗ t
t t

Π T # Π. : T

# Π. : T Π. →∗ t # t : T

t
# t : T u

t → u t
t














