Preservation

Statement
if

e s
e ''skH1t:T

o t|ls — t'|s
then 3T, T’ such that

eI'CTV
oIV ¢
e IV 't T
eI s T =T

Proof Sketch

By induction on the derivation of t|s — ¢'|s’.

Case Red-New

t = valz = new c;t’ where ¢ = TC{Hi }.

ForI',s - t: T, only the Typ-New rule applies.

We assume z is fresh, without loss of generality thanks to alpha-conversion.
s'=s,z—c

I'=",z:T.

By construction, ' C TV and TV | ¢'.

Through the Typ-New rule, we know that

IstHt:T

soIV,s" = t': T, since s C s, and the same derivation is possible.

Thus T = T and we are done.



Case Red-VSel

t:v.lwherexHTC{Hi} € s, defiisl=v",v | z,s b vl|v T, 0"
I"=Tand s’ = s.
"

t ="

For I',s F v.l: T, only the Typ-VSel rule applies, with premise: I',s - v >
[:T.

By T = s: 3T, such that

el sk T
e I''sHT'=T

Because we propagate the widening, 37", such that

eI''s kv 1T
e st T'=T

Case Red-MSel

t = vmv where z +— Tc{ﬁfii} € s, defiism(z;)) = t;, v L =z, s F
vom(v') | Az t; T .

s =s.

ForT',s = vmv': T, only the Typ-MSel rule applies. Premises:

el skFvom:5—>T
eI sk v :9
e sk S'=9

By I' | s: 3W, such that

e Iz :S skt W

ez :S, s W=T
Because we propagate the widening, 37", such that * T',s - ¢/ : T/ * T',s +
T =W
= Lemma

If



eIz :S, s+ t,: W
eIz, :9sF 9 =8

then 3 W' such that
eIz :58 sk t: W

eIz :58 s+ W=W
e If'z;:S,s - W=T,thenT',z;: 5, s F W =T.

Substitution lemma

If
e Iz : S skt W
e sk o5

then 3W" such that
o I's - [v/a;]t; : W
ez :5 s W' =W

The = and substitution lemmas apply. 7/ = W”.

Case Red-Ctx

There are four cases:

1. f1.l]ls — t.0|¢
2. tymiy|s — tymia|s
3. vymi]s — vimty|s
4.t :T|s — t1: T|s
For case 1, only the Typ-VSel rule applies, with premise: I',;s - ¢, > [: T. By

induction hypothesis, 37, s’, T{ such that IV, s’ - ¢ : T and I, s’ - T/ = T}
where I', s + t; : Tq. The conclusion follows by the membership-= lemma.

For cases 2 and 3, only the Typ-Sel rule applies. Premises:



elsHttom:5—~>T
[ ] F,S F t22 T2
e sk Th=5
For case 3, by induction hypothesis, 3I”, s, T4 such that I, s’ - & : T} and

I',s' b T5 = Ty. By transitivity of = on Ty (with strengthening of context),
I'",s' b T4 = 5;. So the Typ-Sel rule applies with the result 77 = T.

For case 2, by induction hypothesis, 37, s’, T{ such that TV,s" + ¢ : T}
and IV,s’ + T| <: Ty where I';s F ¢; : T1. The conclusion follows by the
membership-= lemma.

For case 4, only the Typ-Wid rule applies with premises:

[ ] F,S H tl : T1
e sk T <:T
By induction hypothesis, IIV, s’, T| such that IV, s’ & ¢{ : T{ and IV, s’ F T} =

Ti. So, IV,s’ - T| <: T, and the Typ-Wid rule applies again with result
T =T.

Membership-= lemma

If

.F,S}_tllTl
e stk ¢ T
eT.skTI=T,

and if
el skt om:5—>T
then 357, T’ such that

el skt >m:5—>1T
.F,S}_SlES{
el,sF T =T

or if



e st >1:T
then 37" such that

el''ski¢ >1:T
eD,sF T =T

Substitution Lemma

Statement
If

e z:S skHt:T
e[skwv:S§

then 37" such that

eI st [v/z]t: T

el z:SsHT'=T
Proof Sketch

By induction on the derivation of I,z : S, s + ¢: T.

Case Typ-Var

t=7z. Premise: z: T € I',z: S.

If 2=z, then T = S = T, since [v/z]z = [v/z]z

[v/z]z=2,80 T =T,

Case Typ-VSel

x.

If z # z, then

t =t.l with premises ', s F ¢4 5 [: Tand ',z :S,s F ¢, : T1.

Let [v/z]t =t = t{.l = [v/z]t.1.

By induction hypothesis, I’z : S,s b # : Ty implies I's F ¢ : Ty and

Iyz:S,sk+ T/ =T.

By the membership-= lemma, I',;s - ¢{ 3 [: T"and T,z : S,s - T' = T.

The Typ-VSel rule applies with result 7".



Case Typ-MSel

t = t1 m ty. Premises:

el z:SskHFH>m:5—T
e z:S stk t:1Ty
e z:S sk to: Ty
e z:S sk Th=05

Let [v/z]t =t/ = t{ mts = [v/z]ty m[v/z]ta.

By induction hypothesis:

e z:S, sk ty: Ty implies

D,s Hth: T4
el z:S,sF T)=T,

I'z:S5,s bt : T implies

T.s bt :T)

T,z:8,s+ T =T
By the membership-= lemma:

eI skt >m:5—>1T
el z:S sk S =5
e z:S,sHT =T

The Typ-MSel rule applies with result 7”.

Case Typ-New

t=valz = nech{Wfii};tO

t' = [v/z]t = val z = new [v/z]|T.{ [v/x]defii}; [v/z]t

For the Typ-New rule to apply again, we need substitution to preserve the
properties checked by the Typ-New rule. In particular, substitution must
preserve good bounds and well-formed and expanding types. We rely on the
fact that two =-equivalent types are indistingushable by judgements.



Case Typ-Wid

t=1t : T with premises I';)s - t; : Ty and I',s - Ty <: T.
Let [v/z]t =t =t : T' = [v/x]ty : [v/z]T.
If x ¢ fn(T), then straightforward by induction hypothesis.

Otherwise, is ',z : S, s F [v/z]T = T? TODQO: is this case possible? TODO:
then what?

= Lemma
Statement
If

e z:S skHt:T
eI'skH S =9

then 37" such that
e z:S5 sk 1t:T

e z:8 s+-T=T

Proof Sketch

TODO.

Membership-= Lemma

Statement

If
elskH1t:T
eI sk t:T

eT,s-T'=T
o I''s + T'wfe



and if
elskHtom:5—-T
then 357, T} such that

eI skt >m:5 -1
.F,S}_SlES{
el,skTI=T

or if
elskHt>1:1T,
then 37 such that
e IskHt>1:1T]

eT,s+ T/ =T

Proof Sketch

TODO.
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