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1. Subtyping (functions and records) 1. Subtyping (functions and records)
(urz{x:Nat}. r.x) {x=0,y=1} (rz{x:Nat}. r.x) {x=0,y=1}

ill-typed! \ this function can ONLY be applied to
records of the type {x:Nat}

-> the type system is WAY too strict! too much slack!
Actually, the function can be applied to

ANY record that has at least the field x:Nat!
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1. Subtyping (functions and records)
(urz{x:Nat}. r.x) {x=0,y=1}

ill-typed! \ this function can ONLY be applied to
records of the type {x:Nat}

-> the type system is WAY too strict! too much slack!
Actually, the function can be applied to

ANY record that has at least the field x:Nat!

a subtype of {x:Nat}
Why “sub”?

{x:Nat,y:Nat} is a subtype, written <: of {x:Nat} because

# of records having this  is LESS than # of records having this

.
1. Subtyping (functions and records)

{x:Nat,y:Nat} <: {x:Nat} (“is subtype of”)
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1. Subtyping (functions and records)

{x:Nat,y:Nat} <: {x:Nat}
S T

(“is subytpe of”)

- If t satisfies S in some context, then it also satisfies T!!

.
1. Subtyping (functions and records)

{x:Nat,y:Nat} <: {x:Nat}
S T

(“is subytpe of”)

- If t satisfies S in some context, then it also satisfies T!!
is of type is of type

I'-t:Ss S<T
't T

Rule of subsumtion:

. = “move to a more general type (supertype)”




1. Subtyping (functions and records)

Rules for the Subtype Relation <:

S<:uU u<T
S<T

O

function f: S, 2> S,

reflexive, transitive: S <:'S

“top type”: S <: Top
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Rules for the Subtype Relation <:

S<:uU u<T
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reflexive, transitive: S <:'S
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function f: S, 2> S,

“top type”: S <: Top

1. Subtyping (functions and records)

Rules for the Subtype Relation <:

S<u u<T
S<T

reflexive, transitive: S <:'S

“top type™: S <: Top

& 1

functon f: S, > S,

T, <S; S, < T,

S;2S,<T,2>T,

1. Subtyping (functions and records)

Rules for the Subtype Relation <:

S<u u<T
S<T

reflexive, transitive: S <:S
“top type™: S <: Top

@

function f: S, > S,

contravariant — T, <! S; S,<:T, <+ covariant
in argument - in result
S;2>S, < T,>T,
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1. Subtyping (functions and records) 1. Subtyping (functions and records)
Rules for the Subtype Relation <: (urz{x:Nat}. r.x) {x=0,y=1} iiktyped! (in simply lambda)
S<U u<T .
reflexive, transitive: S <:S —_— S<:Top Can we type this now, using subtyping?
S<T
T,<S,  S,<T, records:
$128, < Th>T, T b Toad < Ty, 12T}
(forget fields)
foreachi S;<: T,

{1,:8,,..,0,:8.} < {1,:T,,..,1,:T,} (subtype inside of record)

{Kk,:S;,..,k,:S.} is permutation of {0,:T,,..,0,:T }

(don't care
{ky:Sy,nkeiS Yy < {0 Ty, L i T ) about order) F Qr:{x:Nat}. r.x) {x=0,y=1}
]
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1. Subtyping (functions and records)

(rz{xNath. 1) {x=0.y=1} ill-typed! (in simply lambda)

Can we type this now, using subtyping?
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1. Subtyping (functions and records)

GrpaNaty. 1o {x=0,y=1} ill-typed! (in simply lambda)

Can we type this now, using subtyping?

F (rz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}

F (irz{x:Nat}. r.x) {x=0,y=1}

F{x=0,y=1}:{x:Nat,y:Nat} {x:Nat,y:Nat}<:{x:Nat}

not derivable before
NOW: use subsumption !

T

F Qurz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}

F Qur={x:Nat}. r.x) {x=0,y=1}
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1. Subtyping (functions and records)

arz{x:Nat}. r. =0,y=1 ) .
OrzfaNaty. rxg {x y=1} ill-typed! (in simply lambda)

Can we type this now, using subtyping?
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1. Subtyping (functions and records)

arz{x:Nat}. r. =0,y=1 : -
OrzfaNaty. rog {x=0,y=1} ill-typed! (in simply lambda)

Can we type this now, using subtyping?

OK! (forget fields rule)
F {x=0,y=1}:{x:Nat,y:Nat} {x:Nat,y:Nat}<:{x:Nat}

not derivable before
NOW: use subsumption !

T

F (rz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}
F (irz{x:Nat}. r.x) {x=0,y=1}

F 0:Nat F1:Nat OK! (forget fields rule)
F {x=0,y=1}:{x:Nat,y:Nat} {x:Nat,y:Nat}<:{x:Nat}

not derivable before
NOW: use subsumption !

T

F (urz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}
F (urz{x:Nat}. r.x) {x=0,y=1}
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1. Subtyping (functions and records)

GrpaNaty. 1o {x=0,y=1} ill-typed! (in simply lambda)

Can we type this now, using subtyping?

OK!
F (rz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}
F (rz{x:Nat}. r.x) {x=0,y=1}

r:{x:Nat} F r.x:Nat OK!
F Qurz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}
F (rz{x:Nat}. r.x) {x=0,y=1}
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1. Subtyping (functions and records)

arz{x:Nat}. r. =0,y=1 ) .
OrzfaNaty. rxg {x y=1} ill-typed! (in simply lambda)

Can we type this now, using subtyping?
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1. Subtyping (functions and records)

arz{x:Nat}. r. =0,y=1 : -
OrzfaNaty. rog {x=0,y=1} ill-typed! (in simply lambda)

Can we type this now, using subtyping?

r:{x:Nat} + r:{x:Nat}
r:{x:Nat} F r.x:Nat OK!

F (rz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}

F (irz{x:Nat}. r.x) {x=0,y=1}

OK!
r:{x:Nat} e r:{x:Nat}
r:{x:Nat} F r:{x:Nat}
r:{x:Nat} F r.x:Nat OK!
F (urz{x:Nat}. r.x):{x:Nat}->Nat F{x=0,y=1}:{x:Nat}
F (urz{x:Nat}. r.x) {x=0,y=1}
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2. Algorithmic Subtyping

Problematic rules for implementing subtyping:

S<u u<T
Are NOT syntax-directed!!
S<T

- When to apply them??
S<S

I'Ft:S S<T
'kt T
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2. Algorithmic Subtyping

Problematic rules for implementing subtyping:

s<U u<T < needed to merge subtyping derivation of

S<T records
to see this, find a derivation for
§<S {x:{a:Nat,b:Nat},y:{m:Nat}}
<:{x:{a:Nat}}
I'Ft:S S<T

'kt T




" JEE
2. Algorithmic Subtyping

Problematic rules for implementing subtyping:

S<U TT € needed to merge subtyping derivation of
ST records
new:
S35 {kl:slr'“!kn:sin} < LUTAFPR PE
kj=1; implies S$;<:T;
'Ft:s s<T {Ky:S1,.. K28 < {0:Ty, ., T}
't T
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2. Algorithmic Subtyping

Problematic rules for implementing subtyping:

S<uU TT € needed to merge subtyping derivation of
ST records
new:
S35 {k1281v-“1knzs_n} < T, T
k;=1; implies S$;<:T;
I're:s S<T {ki:Sy,.5KiS <o {Hyi Ty, 1t T}
et T
4‘
ONLY needed for fu.
application!
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2. Algorithmic Subtyping

Problematic rules for implementing subtyping:

S<uU TT € needed to merge subtyping derivation of
records
S<T

new:
S5 {K1:S1,..Ka1SF © {0:Ty, L 1iT )
k;=1; implies $;<:T;
rrke:s : k281,00 kS < {h Ty, 1i T b
Rt T
new:
* I'Ft:T,>T I'kt,:R R<T
ONLY needed for fu. B 2 -1

application! Ikt t:T,

" JEE
2. Algorithmic Subtyping

Implementing subtyping:

S<:U T T, <S S, < T,
5T $,5S, < T,>T,

S-S {Ky:S1,.. kS © {0:Ty, L iT )
kj=1; implies $;<:T;
rrt:s : k281,00 keS8 k<o {02 Ty, e, 1t Tk
Ft: T

Ik tT,>T, I'Ft:R R<:T,
FEtt:T,
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2. Algorithmic Subtyping

Implementing subtyping:

" JE
2. Algorithmic Subtyping
Call the rules used for implementation “algorithmic typing” (IF)

-> are these rules sound and complete w.r.t. the previous rules (+)??

S<u T T, <S S, <,
S<T $,2S, < T,>T,
S35 {k1:Sy,.0 K18 € {Hyi Ty, 0 1i T}
kj=1; implies S$;<:T;
'Ft:s . {Ky:S1,.. K28 < {0:Ty, ., T}
T
N uT2>T, I'Ht,:R R<T,
IEott:T,
AND: S<:S foreverybase type S.
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2. Algorithmic Subtyping
Call the rules used for implementation “algorithmic typing” ()

- are these rules sound and complete w.r.t. the previous rules (+)??

Soundness: If I'lFt: T, then I'kHt: T

YES, prove this by straightforward induction!

Soundness: If I'lFt: T, then I'Ht:T

YES, prove this by straightforward induction!

Completeness: If I'Ft:T, then TI-t: T
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2. Algorithmic Subtyping
Call the rules used for implementation “algorithmic typing” (IF)

-> are these rules sound and complete w.r.t. the previous rules (+)??

Soundness: If T'IFt:T, then I'Ft:T

YES, prove this by straightforward induction!
Completeness: If I'+t:T, then TIFt: T

NO, F {a=0}:{a:Nat,b:Nat},

but not true for I+

Soundness: If T'IFt:T, then I'Ft:T

YES, prove this by straightforward induction!

Completeness: If I'+t:T, then TIFt: T
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2. Algorithmic Subtyping
Call the rules used for implementation “algorithmic typing” (IF)

-> are these rules sound and complete w.r.t. the previous rules (+)??

Soundness: If I'lFt: T, then I'kHt:T

YES, prove this by straightforward induction!

Completeness: If I'Ft: T, then I'lFt:S forsome S<:T

= “Minimal Typing Theorem”

- Can you prove that S is actually minimal??
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3. Joins and Meets

How to type if-then-else, in the presence of subsumtion?

if true then {x=true,y=false} else {x=false,z=true}

What is the type of this term?
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How to type if-then-else, in the presence of subsumtion? How to type if-then-else, in the presence of subsumtion?
if true then {x=true,y=false} else {x=false,z=true} if true then {x=true,y=false} else {x=false,z=true}
What is the type of this term? What is the type of this term?
- maybe {x:Bool}? - maybe {x:Bool}?
or {x:Top}?
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3. Joins and Meets
How to type if-then-else, in the presence of subsumtion?

if true then {x=true,y=false} else {x=false,z=true}
What is the type of this term?

- maybe {x:Bool}?

<

or {x:Top}?
<

or {}?
<

or Top?

3. Joins and Meets
How to type if-then-else, in the presence of subsumtion?

if true then {x=true,y=false} else {x=false,z=true}

What is the type of this term?

: take the least (most precise)
> :Bool
common supertype of Sand T

or {x:fop}?
<

or  {}?
<

or Top?
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3. Joins and Meets

How to type if-then-else, in the presence of subsumtion?

What is the type of this term?

or {x:fop}?
< ="“the join of Sand T"
5
or {37 = svT
<
or Top?

if true then {x=true,y=false} else {x=false,z=true}

> take the least (most precise)

common supertype of Sand T

3. Joins and Meets

How to type if-then-else, in the presence of subsumtion?

t,:Bool t,:T, tu:T; T=T,VT,

ift then t,else t;: T

3. Joins and Meets

How to type if-then-else, in the presence of subsumtion?

t;:Bool T, tgT, T=T,VT,
ift then t, else t;: T

SVT = Booll, ifS=T=Bool

O1:31.50q73F  if S={ki:Sy,... KniSp
T={l:Ty,. 0T
{131 gdgt = SN T, and
J,=S,vT, for j,=k,=1,

3. Joins and Meets
How to type if-then-else, in the presence of subsumtion?

t;:Bool T, ta T, T=T,VT,

ift then t,else t;: T AAC =
meet of Aand C
SVT = Bool, ifS=T=Bool subtype

LU PREVTRR PR

= greatest common

if S={ki:Sq....Kn:'Smh
T={l:Ty. 0T
{131 igdgt = SNT, and
J,=S,VvT, for j,=k,=1,

E>F if S=A B and T=C-> D and
EndF:BVD
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3. Joins and Meets
How to type if-then-else, in the presence of subsumtion?

t,:Bool t,:T, tg:T; T=T,VT,

AAC =
meet of Aand C
= greatest common
subtype

ift then t,else t;: T

SVT = Bool, ifS=T=Bool

131550073 iF S={kiiS;,... kyiSphy
T={,:Ty,... T}
{i193-igdgt = SNT, and
J,=S,vT, for j,=k,=1,

E>F if S=A=>B and T=C->D and
EndF:BvD

Top, otherwise.

0
3. Joins and Meets

How to type if-then-else, in the presence of subsumtion?

t,:Bool t,:T, tu:T; T=T,VT,

AAC =
meet of Aand C
= greatest common

ift then t,else t;: T

SAT = subtype
define this in a similar way
as the join!
IN LAB TODAY:

Implement subtyping for our language.

First, leave if-then-else untouched. Then, add joins and meets.
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