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Peano Numbers: Syntax

I a number n is either
I zero z
I or the successor of a number (s n)

I n := z | (s n)
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Peano Numbers: Plus Relation

z + n = n (plus-z)

n1 + n2 = n3

(s n1) + n2 = (s n3)
(plus-s)
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Syntax

I variable x , y , z
I term e :=

I variable x
I abstraction λx .e
I application (e1 e2)
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Typing

(x : T ) ∈ Γ

Γ ` x : T
(var)

Γ, (x : T1) ` e : T2

Γ ` λx .e : T1 → T2
(abs)

Γ ` e1 : T1 → T
Γ ` e2 : T1

Γ ` (e1 e2) : T
(app)
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Reduction

I value v := λx .e

((λx .e) v) =⇒ [v/x ]e (app-beta)

e1 =⇒ e ′1
(e1 e2) =⇒ (e ′1 e2)

(app-1)

e2 =⇒ e ′2
(v1 e2) =⇒ (v1 e ′2)

(app-2)
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CPS: Syntax of Target

I atom expression a :=
I variable x
I abstraction λ[x∗].a

I complex expresion c :=
I application (a a∗)

7



CPS: Rules

x ⇒M x (M-var)

e|yk ⇒T c

λx .e ⇒M λ[x yk ].c
(M-abs)

x ⇒M cx

x |ak ⇒T (ak cx)
(T-var)

λx .e ⇒M c

λx .e|ak ⇒T (ak c)
(T-abs)

e1|λx1.c2 ⇒T c1
e2|λx2.(x1 x2 ak) ⇒T c2

(e1 e2)|ak ⇒T c1
(T-app)
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Evaluation

I value v := < λx .e in ρ >

(x : v) ∈ ρ
ρ ` x ⇓ v

(var)

ρ ` λx .e ⇓ < λx .e in ρ > (abs)

ρ ` e1 ⇓ < λx .e in ρ1 >
ρ ` e2 ⇓ v2

ρ1, (x : v2) ` e ⇓ v

ρ ` (e1 e2) ⇓ v
(app)
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